We define a Cantor set C in R3 to be scrawny if for each p e C and each e > 0 there is a S > 0 such that for each map /: S1 -> Int B(p , S) -C there is a map F: D2 -> Intß(p, e) such that E\dD2 = f and F~l (C) is finite. We show the existence and explore some of the properties of wild scrawny Cantor sets in R3. We prove, among other things, that wild scrawny Cantor sets in R3 are not definable by solid tori.
Theorem A (Bing [Bi] ). Let C be a Cantor set in R3. Suppose that there is a defining sequence {J£n\n € N} for C in R3 such that, for each positive integer n and for each integer 1 < fc < m(n), Mnk is a 3-ball. Then C is tame.
Notation. Let x ç R3 and let e > 0. Then B(x, e) denotes the round 3-ball in R3 with center at x and radius e .
Notation. Let ICRJ and let e > 0. Then N(X, e) denotes the closure of the e-neighborhood of X in R3.
Another well-known tameness theorem is Theorem B (Bing [Bi] , Homma [H] ). Let C be a Cantor set in R3. Suppose that for each point p of C and each e > 0, there is a ô > 0 such that, given any map f: Sx -> Int B(p, ô) -C, there is a map F: D2 -> Int B(p, e) -C such that F\dD2 -f. Then C is tame.
A recent improvement on Theorem B is Theorem C (Babich [Ba] ). Let C be a Cantor set in R3. Suppose that for each point p of C and each e > 0, there are a positive integer « and a ô > 0 such that, for each map f:Sx -> Int B(p, ô) -C, there is a map F : D2 -> Int B (p, s) such that F\dD2 = f and F~X(C) consists of n points or fewer. Then C is tame.
Definition and statements of main theorems
Weakening the hypothesis of Theorem C leads to the following Definition. Let C be a Cantor set in R3. Suppose that for each point p of C and each e > 0, there is a ô > 0 such that, for each map /: Sx -> Int B (p, Ô) -C, there is a map F: D2 -> lntB(p, e) such that F\dD2 = f and F~X(C) is finite. Then C is scrawny.
In this paper we shall prove the following two theorems.
Theorem 1. Let C be a wild scrawny Cantor set in R3. Then for some point x of C and some e > 0, there is a nonsingular disk D ç Int73(x, e) such that (a) DnC = IntDnC = {x}, (b) [ÔZ>]-/1 in nx(lntB(x,e)-C).
Theorem 2. Let C be a wild scrawny Cantor set in R3. There is no defining sequence {^#"|« e N} for C such that, for each positive integer « and for each integer 1 < fc < m(n), Mnk is a solid torus.
Example of a wild scrawny Cantor set
Before we prove theorems about wild scrawny Cantor sets in R3, it behooves us to show that such Cantor sets exist.
Let C be a Cantor set in R3 with defining sequence {^#"} such that, for each positive integer « and each 1 < fc < m(n), The Cantor set C (which we will call Antoine 's Eyeglasses) is a variation on Antoine's Necklace. That C is wild can be shown by any of the many wellknown proofs of the wildness of Antoine's Necklace. (See, for instance, [BI] , [D] , or [M] .) It is evident from the construction that Antoine's Eyeglasses is scrawny.
Thus, wild scrawny Cantor sets exist in R3. Not all wild Cantor sets in R3 are scrawny. Antoine's Necklace, for example, is not scrawny. Wild scrawny Cantor sets in R3, then, are a nonempty proper subclass of wild Cantor sets in R3. Let us see what can be proved about them.
Main tools
In the proofs that follow the main tools are the Loop and Sphere Theorems of Papakyriokopoulos and the following useful improvement on the Loop Theorem.
Plane Theorem (Brown and Feustel [BF] ). Let M be a noncompact 3-manifoldwith-boundary, and let f: R2 -> IntTlf be a proper PL map. For each n e TV, let S" = {x e R2| ||x|| = «}. Let K be a compact subset of M, and let 77 be a normal subgroup of nx (M -K) We shall also use the following easy consequence of Theorem A.
Theorem D (Bing [Bi] ). Let C be a wild Cantor set in R3. Then there arep e C and e > 0 such that, for each PL 3-ball B ç Int B(p, e), dB n C / 0. For suppose, on the contrary, that there is a ô > 0 such that, for each PL simple closed curve a on dB -C such that diama < ô, [a] = 1 in 7ri(IntTV(973, n)-C). Since Cn73 is compact and zero-dimensional, there is a finite collection {7),|1 < z < «} of disjoint PL disks D¡ such that for each I < i < n , (a) 9A cdB-C;
Condition (d) implies that for each 1 < i < n, there is a PL map f: D2 -y lntN(dB, n)-C such that f\dD2 = dD¡ and f~x(C) = 0. Consider X = dB -U{IntA|l < i < n} U U{Im/;|l </<«}.
There is a PL map f. 
. By our choices of p and 0, this is impossible. So for each ô > 0 there is a PL simple closed curve a on dB -C such that diama < r5 and [a] / 1 in 7ri(IntTV(<973, rç) -C*). Let (a^) be an infinite sequence of disjoint PL simple closed curves on 973 -C such that for each positive integer fc,
(2) diamaj. < 1/fc .
Since 973 is compact, the set U{QA:|fc £ N} has at least one limit point y on 973. Since, for each positive integer fc , dist(a¿., C) < 1/fc , y e C.
So there is a point y of dBnC such that, for each positive integer fc , there is a PL simple closed curve ak on dB -C such that (a) dist(afc,y) < 1/fc, (b) K]^l in nx(Int TV(9/3, n) -C).
The Cantor set C is scrawny. So there is a ô > 0 such that, for each map /: Sx -> Int73(y, ô) -C, there is a map F: D2 -> Int73(y, rç) such that (1) F\dD2 = f, (2) F~X(C) is finite. For some positive integer fc, a*, ç Int 73 (y, ô) -C. So there is a map F: D2 -» Int73(y, rç) such that T^T)2 = aA and F_1(C) consists of finitely many points.
We consider the finite set F~X(C) ç IntD2. There is a point z of F~X(C) and a subdisk 7J)Z of 7J>2 such that This proves Theorem 1.
Theorem 2. Let C be a wild scrawny Cantor set in R3. Then C is not definable by solid tori.
Proof. Suppose, on the contrary, that C is definable by solid tori. By Theorem 1, for some point x of C and some e > 0, there is a nonsingular disk D in Int73(x,e) suchthat (1) £>nC = Int7)nC = {x}, (2) [dD]¿ 1 in 7r,(Int73(x,e)-C). It follows from condition (2) above that, for any n > 0 small enough so that dDDB(x, n) = 0 and for any PL 3-ball 73 in Int73(x, n) such that x e Int 73 , 973 n C ^ 0 . Let n > 0 be small enough that 9D n B(x, n) = 0 .
Since C is definable by solid tori, there is a collection {Vn\n e N} of solid tori such that, for each positive integer « , (a) diam V" < l/n , (b) there is a PL 3-ball 73" in Int Vn such that V"+x c Int73" ; (c) dVnr\C = 0; (d) x e Int VH and Ç\{Vn\n e TV} = {x} ; (e) Vi clntB(x,n). Since D n C = {x}, for all « G N, fl(lF" /0.
For large enough «, Vn nö ç Int 7?. Let « e N be large enough so that V"r\D cintD.
We assume D -{x} is PL and that, for each positive integer fc , D is in general position with respect to 9 Vk . Thus, for all fc > « , dVknD consists of a finite number of disjoint PL simple closed curves in Int 7). Let fc > n ; then DndVk consists of finitely many PL simple closed curves in Int D. Since x e D n Vk , there is an innermost component a of DC\dVk such that
(1) x € Int A , where Da is the disk in Int 7) such that dDa = a ; (2) for each component y of IntDaC\dVk , x £ Dy.
We assume that Da has been chosen so that the number of components of Int DandVk is minimal. Hence Int Da n 9 Vk = 0 . For suppose that lntDa n 9 Vk / 0 . Let {y;| 1 < j < m} be the set of components of Int Da n 9 Vk , and for each 1 < j < m , let 7), be the disk in Int Da such that dDj = y¡. Since for each 1 < j < m [yj] = 1 in ft» (Int73(x, e) -C) and since dVk is a torus and is incompressible in Int73(x, e) -C, for each 1 < J < m there is a disk E¡ on dVk such that dE¡ = y¡. For some 1 < i < m, EjD [j{7j\i 7e 7'} = 0 • Consider the disk D'a = Da -Dj U E¡. D'a has all the virtues of Da , and D'andVk has fewer components than DaDdVk . This is impossible, by our choice of Da ■ So DandVk =dDa = o . We consider Daf)dVk+x . Let {0,11 < / < i} be the set of those components of Da ndVk+x such that, for each I <i <t, [0,] ^ 1 in nx(lntB(x, e) -C). We assume that Da has been chosen so that the number of components of DandVk+i is minimal. Hence Da n dVk+x = (j{8i\l < i < t). Let the numbering be chosen so that, for all 1 < i < t, 0,+1 ç IntTJ),, where D¡ is the disk in Int A such that 97), = 0,.
For each 1 < i < t, [0,] / 1 in 7Ti(Int73(x, e) -C). Hence, for each I < i < t, [dj] t¿ 1 in %x(dVk+x). Since dVk+x is a torus and since, for each 1 < i # j < t, djCidj = 0, each 0, is parallel to each 0; on 9 Vk+X . That is, for each 1 < i < t, . This is a contradiction.
So C is not definable by solid tori, q.e.d.
Further observations and an example
We begin with a definition suggested by Theorem 1.
Definition. Let C be a Cantor set in R3 and let x e C. If, for some e > 0 there is a nonsingular disk D in Int73(x,e) suchthat DnC = IntDnC = {x} and [dD] / 1 in 7ri(Int73(x, e) -C), then we say that C is sliceable at x .
Definition. Let C be a Cantor set in R3 and let X = {x e C\C is sliceable at x} . Then X is called the sliceable set of C.
Theorem D suggests the following Definition. Let C be a Cantor set in R3. Let Y be the set {x e C\ for some e > 0, for any PL 3-ball 73 in Int73(x, e), 973 n C ¿ 0}. Then Y is called the savage set of C .
For any Cantor set C, the savage set y is a dense subset of the wild set of C. Antoine's Eyeglasses is an example of a wild scrawny Cantor set in which C = Y = X. We have shown that, for any wild scrawny Cantor set C in R3, each point of F is a limit point of X. Is it true that, for any wild scrawny Cantor set C in R3 such that C = Y,C is also equal to XI. We give an example to show that it is false.
Let C be the Cantor set in R3 with defining sequence {^#"} such that, for each positive integer « and each 1 < fc < m(n),
( 1 ) M" k is either a solid torus or a solid double torus; (2) if Mnk e y^n is a solid torus, then Mnk n U-^n+i is as shown in Figure 2; (3) if Mnk is a solid double torus, then Mnk n \J^n+x is as shown in Figure 1 ; (4) J£x = {Mx 11} consists of one solid torus.
There is a point p of C such that the sequence of three-manifolds-withboundary {Mn k\n e N, Mnke ^#", and p e Mnk\ is a sequence of solid tori. The proof of Theorem 1 shows that C is not sliceable at p .
Thus it is not true, in general, that a wild scrawny Cantor set C in R3 is sliceable at each point of its savage set. Figure 2 
